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a very interesting result because it indicates that at the 
clean surface the densities of surface states and re­
combination centers differ by a factor, but not by orders 
of magnitude. The same is true for the real germanium 
surface.81 
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I. INTRODUCTION 

TH E properties of Al have been studied quite ex­
tensively during the past few years. This interest 

has resulted from the fact that it has been possible to 
observe a number of phenomena yielding direct informa­
tion about the Fermi surface, including its topology, 
notably the de Haas-van Alphen effect,1 the magneto-
acoustic effect,2 and cyclotron resonance.3 Further, the 
band structure has been shown to be nearly free electron-
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like by a number of independent calculations,4-6 the 
results of which are all mutually consistent. These 
calculations have been quite successful in yielding a 
Fermi surface in quantitative agreement with the ex­
perimental results, although the nature of the connec­
tivity of the third band arms has yet to be resolved.7'8 

In this paper we shall discuss in terms of the existing 
information another type of experiment which yields 
the optical constants. We shall use an approach similar 
to that previously shown successful in connection with 
Ag and Cu.9 The optical properties principally yield 
evidence about excited electronic states of the crystals 
and, in particular, the magnitude of some gaps at 

4 V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 
* W. A. Harrison, Phys. Rev. 118, 1182 (1960). 
6 B . Segall, Phys. Rev. 124, 1797 (1961). 
7 N. W. Ashcroft, Phys. Rev. Letters 3, 202 (1963). 
8 B . Segall, Phys. Rev. 131, 121 (1963). 
9 H. Ehrenreich and H. R. Philipp, Phys. Rev. 128, 1622 (1962). 
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The frequency-dependent complex dielectric constant €(o>) = ei-He2 and associated functions are derived 
in the range 0 to 22 eV by application of the Kramers-Kronig relations to existing reflectance data for clean 
Al surfaces. The results are quantitatively interpreted in terms of intra- and interband transitions as well 
as plasma oscillations. The decomposition of e(o>) into intra- and interband parts given here is seen to be 
valid in the presence of electron-electron interactions. Due to these interactions the optical effective mass 
ma = 1.5, deduced from experiment in the free-carrier region, is appreciably larger than that obtained using 
Segall's band calculations (mac=1.15). The band calculations are extended to higher energies in order to 
examine the effect of interband transitions for the range of interest. It is found that the only interband 
transitions which lead to significant structure in e2(o>) are those that occur around W and 2 in the vicinity 
of K in the Brillouin zone and that these produce a peak near 1.4 eV. These conclusions are in accord with 
the experimentally determined e2(co) which exhibits a peak at 1.5 eV and has no further structure at higher 
energies. The result of a quantitative calculation of the structure in €2(0?) using a fine mesh of points in 
k space and an approximate variation of the momentum matrix element with k is in good agreement with 
the experimental results with respect to shape but has a magnitude which is somewhat too low. From the 
known influence of many-electron effects on the intraband contribution to e(o>) and a general sum rule, 
the corresponding effect on interband transitions may be estimated and shown roughly to account for 
the difference. The derived e(w) indicates the presence of a sharp plasma resonance at hcop= 15.2 eV, in ex­
cellent agreement with the results of characteristic energy loss experiments. It is shown that this resonance 
may be interpreted either in terms of electrons characterized by the low-frequency optical mass and screened 
by the interband dielectric constant at cop or, since the / sum has been essentially exhausted, in terms of the 
exact asymptotic formula for e in which all carriers are unscreened and have the free-electron mass. 
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symmetry points of the Brillouin zone. Because of the 
essentially free-electron character of the Al band struc­
ture, we should expect interband effects to be less 
important than in Ag and Cu. The plasma frequency 
should lie at somewhat higher energies because Al is 
polyvalent. 

The optical properties indeed are found to differ ap­
preciably from those of the monovalent metals. The 
reflectance remains greater than 85% for photon ener­
gies as high as about 12 eV. Above this energy it falls 
off as expected for a free-electron metal near the plasma 
frequency. As we shall show, interband transitions are 
significant only near 1.5 eV and are associated with 
critical points at W and around the S axis near K. This 
degree of simplicity implies that the quantitative aspects 
of the theory for the optical properties can be pushed 
rather further than in other metals. 

Significant data10,11 on Al have been available for some 
time. Most recently some precise ultrahigh vacuum data 
which cover a substantial part of the spectrum have 
been reported by Bennett, Silver, and Ashley.12 In 
addition, Madden, Canfield, and Hass13 have obtained 
reflectance values in the vacuum ultraviolet region 
ultilizing a procedure which essentially eliminates the 
oxide problems that have affected previous work. These 
results have stimulated the present effort. 

The purpose of the present paper is first to coordinate 
existing data for Al to yield a reflectance curve for the 
range between 0 and 22 eV, and to employ the Kramers-
Kronig relation14,15,9 to obtain the real and imaginary 
parts of the dielectric constants. These provide a com­
plete description of the optical properties for this range. 
Secondly, we shall show that it is possible to achieve 
a rather complete degree of theoretical understanding 
of both the free electron and interband effects. In addi­
tion, because of the reliability of available band calcula­
tions, and the existence of some general sum rules in­
volving these dielectric constants, it will be possible to 
isolate, at least partially, the many-body effects and 
estimate the degree to which they are likely to affect 
both the free electron and interband contributions. 

The next section is concerned with a survey and 
analysis of existing reflectance data. The third section 
deals with an interpretation of the data. This section 
includes new information concerning the band structure 
and optical mass of Al and represents a continuation of 
the previously reported calculations by one of us 
(B.S.).6 

10 L. G. Schulz, J. Opt. Soc. Am. 44, 357 (1954); L. G. Schulz 
and F. R. Tangherlini, J. Opt. Soc. Am. 44, 362 (1954). 

11 G. Hass and J. E. Waylonis, J. Opt. Soc. Am. 51, 719 (1961) 
and cited references. 

12 H. E. Bennett, M. Silver, and E. J. Ashley, J. Opt. Soc. Am. 
53, 1089 (1963). 

13 R. P. Madden, L. R. Canfield, and G. Hass, J. Opt. Soc. Am. 
53, 620 (1963). 

14 F. C. Jahoda, Phys. Rev. 107, 1261 (1957). 
" H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959). 
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FIG. 1. The spectral dependence of the reflectance of Al. The 
curve is a composite of the data of Refs. 11, 12, and 13. 

II. SURVEY AND ANALYSIS OF R DATA 

Experimental work on the optical properties of Al 
has emphasized the spectral dependence of the reflect­
ance.11""13 Interest in this material stems primarily 
from its use as a mirror and as a comparison standard 
for reflectance measurements. Unfortunately, aluminum 
oxidizes quite rapidly upon exposure to air and results 
for exposed surfaces may be variable. This situation is 
most serious in the vacuum ultraviolet. A systematic 
study is being carried out by the U. S. Army Engineer­
ing Research and Development Laboratory and the 
U. S. Naval Research Laboratory on the optical prop­
erties of evaporated films in the extreme ultraviolet.16 

For carefully prepared aluminum surfaces, they13 ob­
serve that the reflectance remains surprisingly high for 
quantum energies throughout the range to 12 eV pro­
vided the measurements are made quickly before 
appreciable exposure to even the relatively good vacuum 
of the monochromator. In addition, they are able to 
evaluate the optical constants at selected energies by 
performing experiments at various angles of incidence. 

16 For a brief review of this work see G. Hass and W. R. Hunter, 
J. Quart. Spectr. Radiation Transfer 2, 637 (1962). 
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TABLE I. 

Schulz and Tangherlini 
Hass and Waylonis 
Present analysis 

A comparison of the results obtained in 
and Tangherlini and Hass and Way] 

n 

1.24 
1.30 
1.55 

65001 
1.91 eV 

k R (%) 

6.60 89.8 
7.11 90.7 
7.70 90.6 

the present analysis with those of Schulz 
onis for several values of E. 

n 

0.76 
0.82 
0.99 

5500 A 
2.27 eV 

* R (%) 

5.32 90.3 
5.99 91.6 
6.60 91.7 

n 

0.40 
0.40 
0.51 

4000A 
3.10 eV 

k 

3.92 
4.46 
4.83 

R(%) 

90.8 
92.7 
92.0 

At lower energy the effects of surface oxide are less 
serious. However, in this spectral region extremely 
small differences in reflectance are significant in evalua­
ting and discussing the free-electron behavior of such 
materials. Thus, the environmental vacuum obtained 
during the preparation of specimens is important in 
that impurities may be introduced into the film in 
this process which can alter the optical parameters. 
Bennett, Silver, and Ashley12 utilizing a precise measur­
ing technique are able to distinguish their reflectance 
values obtained on samples prepared in ultrahigh 
vacuum (10~~10 Torr) from those corresponding to con­
ditions of high vacuum (10~6 Torr). 

-no ^ 
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FIG. 2. The spectral dependence of the real and imaginary parts 
of the dielectric constant, the conductivity <r=co€2/47r, and the 
energy loss function — Ime -1 for Al obtained by Kramers-Kronig 
analysis of the curve of Fig. 1. The results of La Villa and Mend-
lowitz are shown by the dashed curves. 

The curve of Fig. 1 represents a composite of what we 
believe to be the best data available for aluminum. 
Good agreement is found in the region of overlap of 
these measurements. The only arbitrariness in the figure 
lies in the manner in which the curve was drawn be­
tween the experimental points of Madden, Canfield, 
and Hass13 for energies above 12.1 eV. The present 
curve was constructed such that the results of Kramers-
Kronig analysis (1) gave a smooth curve for ei and €2 
in this region, (2) agreed with the n and k values of 
Ref. 13 at 16.87 eV and 21.2 eV, and (3) gave realistic 
values of the phase, 0, in the extrapolated region be­
yond 21.2 eV.14'15'17 

Plots of the real and imaginary parts of the dielectric 
constant, €1 and 62, obtained by Kramers-Kronig analy­
sis of the curve of Fig. 1 are shown in Fig. 2 along with 
values of the conductivity, cr=a>e2/47r, and the energy 
loss function, — Ime - 1 . 

The optical constants obtained in the present study 
are higher than those of Schulz and Tangherlini10 and 
of Hass and Waylonis.11 This comparison is shown in 
Table I for several energies. An attempt was made to 
bring the results of the present analysis into better 
agreement with their values in the region of 1 to 3 eV, 
by adjustment of the curve above 21.2 eV. However, 
this could not be accomplished with any simple ex­
trapolation of the reflectance which joined smoothly 
with the curve of Fig. 1 in addition to satisfying con­
ditions (1) to (3) given above. I t should be noted, 
however, that the results of the present analysis depend 
somewhat on the exact construction of the curve for 
R above 12.1 eV. Additional reflectance measurements 
to remove any remaining ambiguity are desirable. 

The curve for —Ime -1, which is most strongly in­
fluenced by reflectance values above 12.1 eV, is in 
good agreement with the characteristic energy loss ex­
periments of La Villa and Mendlowitz18 and of Powell 
and Swan19 who observe peaks at 14.8 and 15.3 eV, 
respectively. The curve of Fig. 2 has its maximum near 
15.2 eV. The comparison with LaVilla and Mendlowitz 
is indicated more explicitly by the dashed curves of 

17 The curve was linearly extrapolated in a plot of In R$ versus In 
E to 0.327% at 30 eV and to 1.349X10~3% at 100 eV. The com­
puted value of n at 30 eV is in good agreement with that of W. R. 
Hunter, J. Appl. Phys. 34, 1565 (1963). 

18 R. LaVilla and H. Mendlowitz, Phys. Rev. Letters 9, 149 
(1962). 

19 C. J. Powell and J. B. Swan, Phys. Rev. 115, 869 (1959). 
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Fig. 2 showing their values of ei and €2 obtained by 
Kramers-Kronig analysis of energy loss data. Their 
results for €2 are relatively smaller, although the ab­
solute difference is only about 0.02. 

III. INTERPRETATION 

The experimental results discussed in the preceding 
section may be analyzed along lines very similar to 
those used in previous work on Ag and Cu.9 Since the 
longitudinal and transverse dielectric constants are 
equal in the long-wavelength limit and the photon 
wavelengths of interest here are all rather larger than 
the interatomic distance, we would expect to find the 
same plasma effects as those exhibited by characterisitc 
energy loss experiments, in addition to structure typical 
of optical intra- and interband effects. An expression 
for the complex frequency-dependent dielectric con­
stants, e(co), valid in the random-phase approximation, 
was discussed in Ref. 9. It was shown to be expressible 
in the form 

€ ( w ) = €<A («)+»€<» ( « ) , (1) 

which separated explicitly the intraband effects char­
acteristic of free electrons, 

€</>(«)= 1-UjJMo+i/Te) (2) 

from the interband effects commonly associated with 
bound electrons, 

[(w+fAnO'-coK'2]-1. (3) 

The notation is the same as in Ref. 9: copa== £4:wne2/may 
is the plasma frequency, nc is the conduction electron 
density, ma is the optical mass, the r's are relaxation 
times associated with intra- and interband processes, 
fi(k) is the distribution function, 

fvf=(2/ikoi>tm)\Pi>f\* 

is the oscillator strength, 

Pvf="d<r1fui^i^,oo)pv'Ui{]z,oo)dzx 

being the momentum matrix element for direction /* 
integrated over the unit cell having volume va, and 
tiun> = Ei(k)—Ev (k) the energy difference between 
bands / and V at the point k. Equation (2) is very 
similar to the well-known result of Drude for free 
electrons. Equation (3) resembles the Lorentz result 
for insulators. Interband transitions of conduction elec­
trons are included in Eq. (3). For future application, 
it should be emphasized that each part of Eq. (1) 
satisfies the Kramers-Kronig relations. 

The first task will be the separation of e(/) (co) from 
5e(6)(co). The discussion of Sec. F will show that our 
empirical separation, even though treated within the 

'QOL O.I 1 10 
E(eV) 

FIG. 3. Comparison of experimental and theoretical values of 
ei and e2 for Al in the "free electron" range using Eq. (2) fitted 
to the experimental curve at 0.4 eV. The values of -fooopa and rc are 
found to be 12.7 eVand 5.12X10"16 sec, respectively. In order to 
utilize a logarithmic plot, the positive definite quantity 1-ei^ is 
compared to l-€1(exp)+5ei(&). The values of de^ are determined 
in Sec. B. 

framework of the random-phase approximation, will 
be valid for an interacting many-electron system. 

A. Free-Electron Effects 

The separation of e(/) (co) from 5e(6)(co) becomes pos­
sible if it is recognized that interband transitions do not 
set in until about f eV, and that therefore it should be 
possible to fit the experimental results at lower energy 
to Eq. (2). In this range 5e2

(6) = 0 and 5ei(6) is practically 
negligible compared to —oopa

2/^(o)+i/rc), the dominant 
term in ei. The results of fitting Eq. (2) to the experi­
mental values of €1 and €2 at 0.4 eV are shown in Fig. 3. 
The corresponding values of ficopa and rc are found to 
be 12.7 eV and 5.12X10-15 sec, respectively. In order 
to utilize a logarithmic plot, we have shown the positive 
definite quantity 1 — ei(/) rather than €i(/). This quantity 
is compared to 1 — ei(exp)+5ei<&). The values of 5ei(6) 

are those to be determined in Sec. B. Clearly at 0.4 
eV, deiw has negligible effect on the magnitude of €1. 
The agreement between the two sets of quantities is 
seen to be excellent over more than two decades. The 
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FIG. 4. The real and imaginary parts of de(6)(a>). The values of 
5ei(6) are obtained by calculating 5e2(6) from €2(exp) — e2

(/) and using 
the Kramers-Kronig relation given in Eq. (4). 

agreement in 1 — ex above 1 eV is a result of the con­
struction of 5ei(&) from the Kramers-Kronig relation, as 
described in the next section and is not to be regarded 
as a test of the Drude formula. The disagreement for ei 
at low energies (i.e.,<0.1 eV), where ei is strongly de­
pendent on r, may be due to several causes, e.g., an 
uncertainty in the film value for r and its possible energy 
dependence. 

The reasonableness of the magnitudes of wva and rc 

can be ascertained in several ways. In Sec. E we shall 
discuss the plasma frequency obtained from the energy 
loss function — Ime-1 around 15 eV and show it to be 
consistent with the data at low energies in an entirely 
different region of the spectrum. It is also possible to 
compute the magnitude of the dc conductivity a(Q) 
= (l/4,7r)ccPa2rc. We find <r(0) = 1.55X1017 sec"1 in com­
parison to the experimental value 3.18X1017 sec-1 for 
bulk Al. That our result is a factor of 2 lower than the 
bulk value may be due to the fact that the measure­
ments pertain to thin films, or alternatively that rc 

decreases rapidly from its dc value as the frequency is 
increased. From the extent of the agreement shown in 
Fig. 3, it is clear, however, that rc cannot be varying 
rapidly between 0.1 and 1 eV. 

The value of the optical mass may be determined 

from a>pa assuming there to be three free electrons per 
atom. We find ma==l.S, Since the calculated energy 
bands are so free-electron-like it is clear that they would 
lead to a smaller nta. We have estimated the optical 
mass, mac, predicted by band theory, by calculating the 
increments over the free-electron value produced by 
separate (HI) and (200) Bragg reflectances associated 
with the previously determined pseudopotential.20 The 
sum over 8 (111) and 6 (200) faces leads to a value of 
1.2. In actuality, the effect of the planes cannot be 
separated, and the above procedure tends to over­
estimate the difference from the free-electron value. 
The 1.2 value is an upper limit with the proper value 
probably closer to 1.15. The discrepancy between the 
band structure value wac=1.15, and wa=1.5 arises 
from the interactions neglected in the individual elec­
tron model. Since the electron-phonon interaction 
should be negligible at the energies of interest, the dif­
ference is attributed to many-electron effects, which 
will be discussed further in Sec. F. The magnitude of 
ma is quite comparable to the thermal mass mt=1.6 
obtained from specific heat measurements.21 

B. Separation into Intra-and Interband Parts 

Since 5e2
(6) = 0 in the region near zero frequency where 

e2 is largest, the separation into intra- and interband 
parts is most easily achieved by calculating 6e2

(&) from 
e2(exp) —e2

(/) and then using the Kramers-Kroing 
relation 

5ei(6)(a>)=(7ra>)-
lf In 
Jo 

(co+coO 

(«-«') ( - ) 
w/ 
X[coW6 )(" ' )W (4) 

to calculate 8e^b\ The advantage of this particular form 
lies in the fact that the machine program used to 
deduce the phase angle from the reflectance15 may be 
immediately adapted to evaluate the integral in Eq. (4). 

The subtraction used to obtain 5e2
(6) should be quite 

accurate except in the vicinity where it first begins to 
rise from zero, since e2

(/) decreases quite rapidly with 
increasing frequency. In particular, it can be seen from 
Figs. 2 and 3 that e2

(/) contributes less than 20% to 
e2(exp) above 1.5 eV. Thus, possible inaccuracies in 
€2

(/), as given by Eq. (2), due to a frequency dependence 
of TC should not be important. In the case of Ag, the 
separation was more clear cut, since interband transi­
tions do not set in until nearly 4 eV, where e2

(/) is nearly 
zero. 

The results for 5ei(6) and 5e2
(6) are shown in Fig. 4. 

The imaginary part was truncated just below 1 eV in 
accord with the band calculations, since the contribu-

20 The pseudopotential employed is given in Ref. 6. The pro­
cedures used in estimating mac and the density of states (in Sec. 
C) are similar to that given in F. S. Ham, Phys. Rev. 128, 2524 
(1962). 

21 D. H. Howling, E. Mendoza, and J. G. Zimmerman, Proc. 
Roy. Soc. (London) A299, 86 (1955). 
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FIG. 5. The calculated energy bands 
of Al along the symmetry axes. The 
calculated values are given by the 
small circles. The dashed curves pro­
vide a rough indication of the bands 
between the widely spaced calculated 
values. 

(000) 
2 .5 j— 

(100) (IO'/2) (Va'/a) 

fr 

2.0 
\& \ 

ziMkw, Q I 

rws 

(000) 

Tlr, - -

(3/4%0) (100) 

- — w ^ 
> 

A, t 
\ 

tion at lower energies may be due entirely to small in­
accuracies in the Drude formula and/or the data 
analysis. Because of this inaccuracy, it was impossible 
to obtain meaningful values of 5ei(6) at lower frequencies. 
Above 1.5 eV, 5e2

(6) should be quite accurate. A similar 
statement holds for dei(b) as obtained from Eq. (4). 

The curves in Fig. 4 show quite clearly that the im­
portant interband transitions, giving rise to structure 
in Se(6), are confined to a small energy range surrounding 
1.5 eV. The rapid decrease in magnitude of both dielec­
tric constants at higher energies indicates that any 
futher interband transitions can make only a small 
contribution. In the next two sections, we shall identify 
the transitions responsible for the structure and present 
a semiquantitative theory which describes the shape of 
<5e2

(6) reasonably well. 

C. Interband Transitions 

In order to understand the interband effects in detail, 
we will utilize the results of the energy band calculations 
for this metal. The energy bands for the various sym­
metry axes are shown in Fig. 5. The calculated values, 
which are indicated by the circles, are given relative to 
the s state at the center of the Brillouin zone (i.e., the 
Ti level). The energy bands below roughly 1 Ry have 
been presented previously, while the higher energy 
symmetry point eigenvalues up to «2 .4 Ry have been 
obtained for the present analysis. Aside from the lifting 

of the free-electron degeneracies and the elimination of 
crossings, the free-electron-like behavior noted pre­
viously for Al persists in the higher energy range. 

In this and the following section, we will discuss the 
interband term, 5e2

(6), in terms of the calculated energy 
band structure. Since 5ei(6)(co) can be obtained from 
5e2

(6) (co) by the Kramers-Kronig relations [e.g., Eq. (4)] 
it will not be considered separately. As can be seen 
directly from Eq. (3), the expression for 6e2

(6)(co) in 
the limit of r\v —> <*> is 

5€2(W(co) = e2/(wVfeo2) ffflk 

fv<to\Piv*M<*-<*u). (5) 

The contribution for a given co is then proportional to 
the joint density of states, Nn> (co) = {^irz)~lfdzk 
X5(co—aw), times an average of |PM«' | 2 over the sur­
face cow (k) = co. Structure in e2 is then expected to occur 
at critical points, i.e., where Vi&n> = 0. The critical 
points, in turn, generally occur at symmetry points 
where the gradients of Ej(k) and E^(k) may vanish 
separately due to symmetry. 

The band calculations of Fig. 5 show that the only 
interband transitions below 8 eV at symmetry points 
are those between the two occupied ^-like states Wy and 
Wi and the unoccupied s-like state W\. The calculated 
transition energies are 1.4 and 2.0 eV, respectively. I t is 
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TABLE II . Estimated ratios of various interband contri­
butions to the imaginary part of the dielectric constant. 

Transition 

[Wv -> Wi\ 
\ 2 3 -> 2 i / 
W2' -> Wi 
Wz->Wi 
X4 —> Xi 
Xi —> X§ 
L2 —> L\ 
L2 —-> Lz 

u-*u r i -> r15 

Band gap 
(eV) 

1.41 

19.0 
19.6 
12.0 
7.9 

20.7 
16.3 
16.6 
25.1 

No. of 
valleys 

6 
12 

6 
6 
3 
3 
4 
4 
4 
1 

Estimated 
averaged 

joint density Estimated 
of states 
(ao-sRy-1) 

2.3X10"3 

2.3X10-3 

2.3X10-3 
4X10~4 

4X10-4 

3X10"4 

3X10-4 

3X10-4 
5X10-3 

ratios 

1 

0.008 
0.008 
0.004 
0.008 
0.002 
0.003 
0.003 
0.004 

noteworthy that the lower energy transition coincides 
almost exactly with the position of the €2(0?) peak, 
while the other falls in the trailing edge of the peak 
where €2 is still moderately high. It is quite clear then 
that the region around W must contribute significantly 
to the large peak in e2. 

It might also be noted that interband transitions in 
the vicinity of the [110] (i.e., 2) axis set in at about 1.4 
eV. A detailed study of the E (k) in this region shows that 
a critical point exists on the axis by virtue of the fact 
that the second and third band states below and above 
the Fermi level, respectively, are parallel there. These 
transitions thus also contribute appreciably to the 
1.5 eV peak. 

The energy band calculations predict that allowed 
higher energy transitions at symmetry points set in at 
about 8 eV and above. The experimental €2(0?), however, 
exhibits no structure in this range.22 To obtain a quanti­
tative measure of the importance of the higher energy 
transitions at symmetry points,23 we first note that the 
peak value of the contribution from a critical point is 
proportional to Eg~

m where Eg is the energy gap [see, 
e.g., Eq. (6)3. In order to determine the relative im­
portance of the various transitions, we will consider the 
product vEg~

zj2Nii> (o>), where v is the number of valleys 
for the particular symmetry point. The factor Nw (a>) 
may be estimated using nearly free-electron-like be­
havior of the bands modified by the dominant Bragg 
reflection appropriate to the particular symmetry 

22 There is some suggestion of structure in the reflectance curve 
(Ref. 13) near 10 eV. See W. R. Hunter, J. Opt. Soc. Am. (to 
be published). This detail could be evidence of interband transi­
tions near this energy. As can be seen in Table II discussed below, 
the first set of interband symmetry point transitions are associated 
with critical points at X. The gaps are calculated to be about 8 
and 12 eV. 

23 Consideration of interband band transitions was restricted 
to the symmetry points both because of the greater probability 
that they will occur at these points and for practical reasons. In 
regard to the latter, the E(k) for the higher energy states were 
calculated only at the symmetry points. The likelihood of special 
circumstances leading to the flatness of &«>K'(k), such as that at 
2 (see Sec. D) is small. 

point.24 To expedite these estimates, we have neglected 
the curvature of the upper band involved in the transi­
tion. The relevant factors and the estimated ratio with 
respect to the contributions from W and 2 are presented 
in Table II for the transitions below 20 eV and the 25 eV 
transition at T. It is evident that the higher energy 
transitions are much weaker than the 1.5 eV one, being 
at most about a percent of the latter. The principal re­
duction arises from the Efm factor, so that the numer­
ous transitions at still higher energy would certainly be 
unimportant. 

In the comparison, we have left out broadening 
effects which, of course, would be more serious for the 
higher energy transitions. We have also neglected 
the possible variation of the matrix element, P, with 
energy as this is difficult to estimate. Because of con­
vergence requirements for the /-sum rule, P would be 
expected to decrease with increasing energy, thus 
reducing further the strength of the higher energy 
transitions. 

The striking difference between Al and many mono­
valent metals, such as Cu, and Ag, deserves some com­
ment. In these latter metals, structure due to interband 
transitions is observable in the high-energy range con­
sidered above. A comparison of the energy band struc­
tures of these metals shows that in contrast to Al the 
noble metals have E(k) which deviate markedly from 
those of a free electron. The large splittings at sym­
metry points in the noble metals imply large effective 
masses. This and the large masses of the flat d bands 
reflect themselves in relatively more pronounced peaks 
in the joint density of states. The proximity of the noble 
metal d bands to the Fermi level allows for several 
additional interband transitions. In addition, there are 
arguments based on the sum rules which show that the 
transitions involving the d bands tend to be stronger at 
high energy. 

The above comments are probably applicable, in a 
general way, to other polyvalent metals. That is, since 
they generally have rather free-electron-like band struc­
tures, the polyvalent metals will tend to have weaker 
short-wavelength interband transitions than the noble 
metals. 

D. Low-Energy Transitions at W and 2 

In the previous section we suggested that the large 
sharp peak in 62 at about 1.5 eV is attributable to inter­
band transitions from the regions around W and 2. It 
was noted that the calculated values of the W\—Wy 
and Si—-23 gaps agreed closely (i.e., to within 0.1 eV) 
with the position of the e2 peak while the W\—W% gap 
is about 0.6 eV larger. While we believe the calculated 
energy separations for Al are sufficiently accurate to 
indicate the proper identification of the transitions, it 
is worthwhile to consider these transitions in more 
detail. A comparison of the shapes and magnitudes of 

24 See Ref. 20. 



O P T I C A L P R O P E R T I E S O F A l 1925 

the calculated contribution to 5e2
6(co) from these regions 

with the experimentally obtained €2(0)) would constitute 
an important check on the assignment. In addition, this 
investigation will provide us with an indication of how 
well the individual electron model, as given by the band 
calculations, describes the optical properties associated 
with interband transitions. 

The simplest of these transitions to treat are those 
between the two bands which go into the degenerate Wz 
level at the zone corner and the higher band associated 
with Wi. Except for some unessential complications, the 
relevant band differences, fta)w(k), form simple minima 
at W, and are adequately approximated for our pur­
poses by the simple quadratic expressions fki)(k) = Eg 

+fi2/2m[^(m/mu)Akn2+(ni/mi)Akx
22 where the sym­

bols || and JL denote axes parallel and perpendicular 
to the X-W axis. The gap at W, Eg, has the value 2.0 eV, 
while m/mn = 7.5 and m/mi==9.7 for the transitions 
involving the higher Wz band and m/mu = 2S and 
m/mi= 16 for the lower band. It is clear that this case 
is analogous to the direct transitions from a maximum 
in the valence band of a semiconductor to a minimum 
in the conduction band. The contribution to the imagi­
nary part of the dielectric constant is given by a simple 
generalization of Korovin's result.25 

de2b(u) = y(fru/Eo- l)*CE*/*o>)2, ho)>Eg, 

= 0, tua<Eg, (6) 

with 

7 = 2v{efi/m)21 Pu> \2 (wn/ra) * (wj/ra) {2m/fi2Eg)
m, 

where Pw is the average of the momentum matrix 
element over the surface wn'(k) = w. 

The transitions between the Wy and W\ bands are 
more difficult to compute because of the more com­
plicated k dependence of the energy differences in this 
region. To illustrate this we note that for k along the 
W to X axes the energy difference is essentially a maxi­
mum at W. Similar behavior is found along the W to L 
axes which are mutually perpendicular and which lie 
in the plane through W, normal to the W-X direction. 
However, along another set of equivalent axes in this 
plane rotated from the previous set by 45°, the energy 
difference is a minimum at W. The gap fe^(k) thus 
cannot be expressed as a simple quadratic function of 
Ak. It must, in fact, be a nonanalytic function of Ak, 
as a consequence of the near degeneracy of the p states. 
As a result of this complication, a numerical approach 
is required to determine the contribution to 5€26(o>) in 
the desired detail. Nevertheless, it is possible to see 
qualitatively that these transitions produce a peak. 
This follows from the fact that the Fermi level cuts off 
the transitions at energies slightly below and above the 
critical point just discussed. 

In the previous section attention was called to the 
2 5L. I. Korovin, Fiz. Tverd. Tela 1, 1311 (1959) [translation: 

Soviet Phys.—Solid State 1, 1202 (I960)]. 

fact that the second (£3) and third (2i) bands about 
the [110] axes appeared to be quite parallel, and that 
these regions therefore could play an important role 
in producing the peak. The fact that the gap between 
the S3 and Si bands arises from the splitting of degener­
ate free-electron bands along [110], suggests that in­
sight into the nature of these levels can be obtained from 
consideration of the nearly free-electron picture. The 
nearly free-electron wave functions for k=27ra~1(/c,K,0) 
will be linear combinations of expp(k+Kw)-r], where 
the appropriate reciprocal vectors K0, Ki, and K2 are 
given by a(27r)-1Kn=0, ( - 1 , - 1 , - 1 ) and ( -1 , -1 ,1 ) . 
For the S3 state the combination is 

2-*{exp[i(k+K1) - r ]-expp(k+K 2) -r]} 

and the energy 

£(S3) = (m/m*) (27r/a)2[l+2(/c-1)2]- V (2,0,0) 

where F(Kn) is the Fourier component of the pseudo-
potential. The Si state is a linear combination of 
exppk-r] and {expp(k+Ki)-r]+expp(k+K2)-r]}, 
and it can be shown simply that with the neglect of a 
second-order term in the small quantity, 7(111), the 
energy is E(2z)+2V(200). Thus, in this approximation, 
which has been shown to be quite good for Al,6 the 
energy difference along S is nearly a constant with a 
value of 2F(200). The argument is easily extended to 
show that the corresponding energy difference for k off 
the axis but in the (100) plane containing it is also 
rather constant. For k with components perpendicular 
to the (100) plane, however, the gaps will change due 
to the mixing of the states. From the above and from 
the fact that there are 12 S axes, it is apparent that the 
transitions from these regions make a large contribution 
to the €2 peak. 

The numerical evaluation of 8e2
b involves the com­

putation of the joint density of states satisfying' the 
proper occupancy conditions. In general it is difficult 
to determine a density of states with reasonably good 
resolution because of the very large number of k at which 
the eigenvalues En(k) are required. In this case the 
task is feasible because of the reasonably small regions 
of the zone to which the contributions are localized. 
Also, the work is greatly simplified by the applicability 
of the pseudopotential method to Al. The computations 
were carried out by calculating the energies and energy 
differences on a relatively fine three-dimensional mesh, 
corresponding to roughly 106 points for the complete 
zone. A histogram for the joint density of states was 
obtained by counting the number of points having the 
appropriately occupied states and having ftooir in a 
given interval. A smooth curve was fitted to the 
histogram.26 

The contribution from the neighborhood of W was 
26 Similar calculations have recently been carried out by D. 

Brust, J. C. Phillips, and F. Bassani, Phys. Rev. Letters 9, 94 
(1962) for Ge and by D. Brust, M. L. Cohen, and J. C. Phillips, 
Phys. Rev. Letters 9, 389 (1962) for Si. 
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FIG. 6. The calculated contributions to the imaginary part of 
the dielectric constant from the interband transitions around W 
and 2. The dashed peak is the sum of the contributions from the 
transitions between the Wv and W\ bands and between the S3 and 
2i bands. The dashed curved starting at 2.0 eV is associated with 
the transition from the Wz bands to the Wi band. For comparison 
purposes, the experimentally determined interband part of €2(o>) 
is given by the solid curve. 

found to lead to a sharp peak as expected. Since the 
contributing regions do not extend far from W in 
any direction, the approximation of using the value of 
\Pu>\2 evaluated at W appears justifiable. For the 2 
regions, however, it was found that the energy differ­
ences are nearly constant over appreciable distances in 
each (001) plane in accord with the discussion above. 
The assumption of a constant matrix element is then 
probably poor. In particular, for the (001) plane con­
taining the 2 axes, the gap under discussion is simply 
connected with that between the W^ and upper Wz 
band. At W, \ P |2 is expected to be quite small because 
of the large p character of the Wy and Wz states. To 
avoid the very laborious task of determining a large 
number of momentum matrix elements, we have as­
sumed P to vary linearly from a fixed value on the (110) 
plane containing the 2 axis to zero in a distance cor­
responding to that between K and W. This approxima­
tion, which probably leads to an underestimate of the 
magnitude, does not appreciably affect the shape which 
is quite similar to the peak due to the transitions 
around W. 

The momentum matrix elements for the transitions 
Wy to Wi and 2)3 to 21 at the approximate center of the 
allowed range [i.e., k=27ra~1 (5/8,5/8,0)3 were evalu­
ated using the wave functions inside and outside the 
inscribed sphere determined by the procedures described 

in Ref. 6. The resulting values of Ep=2\P\2/m are 
0.65 and 0.48 Ry, respectively. With these values and 
the free-electron value for EF, the contribution for the 
2 transitions is found to be about 50% larger than that 
from the W region. The latter is affected moderately by 
a shift in EF while the former is relatively insensitive 
to it since the changes in the occupancy of the 23 and 2i 
bands have compensating effects. The resulting 5e2

5(w) 
is shown in Fig. 6 as the dashed peak between 1 and 2 eV. 

In evaluating the contribution of the Wz to Wi band 
transitions to 5e2&, we note that we will be concerned 
with energies well above the gap at 2.0 eV. At these 
energies there will be an increasing admixture of p and 
s components in the W\ and Wz bands, respectively. 
This leads to an energy-dependent reduction in Ep 

which is calculated to be 0.72 Ry at W. The effect was 
estimated by determining the variation for a few points 
along the || (or Z) and _L axes and by taking the arith­
metic average. The result, with its characteristic "edge" 
shape, is shown in Fig. 6 as the dashed curve above 2 eV. 

It is clear that aside from the dimple at 2 eV, the 
shape of the calculated 8e2b is entirely similar to that 
obtained from experiment. The magnitude, on the other 
hand, is significantly less. The deviation could be due, 
at least in part, to inadequacies in the computational 
procedures. It could also be due to many-electron 
effects as will be discussed below . 

Since the interband effects depend upon the Fermi 
level, it might appear that this study could shed some 
light on the unsettled question of the position of the 
Fermi level relative to the p states at W. However, due 
to the substantial contribution from the 23 to 2i 
transitions and its relative insensitivity to changes in 
EF, no conclusions concerning this important point are 
possible. 

E. Plasma Effects 

We now turn to a discussion of the dielectric constants 
at higher energies. The outstanding feature in this 
range is the strong and sharp peak in the energy loss 
function — Ime-1 at 15.2 eV. This energy is generally 
associated with the plasma resonance. In the present 
context, we must show that this value is consistent with 
the result ho)pa= 12.7 eV obtained in the low-frequency 
range where free-electron effects predominate. 

In the far infrared e is determined by — a â
2/co (o}+i/re), 

the contribution of l+5e(6) being relatively unimpor­
tant. Near the plasma resonance, fio>p, at about 15 eV, 
€2 is very small so that cop is determined quite accurately 
by the condition that ei(cap) = 0. This implies that 

l - ^ y ^ + f c i ^ ' W ^ o , (7) 

since wrS>l, and hence that Wp=copa/Cl+$ei(6)(wp)D*« 
The contribution of 8e^b\ whose value is about —0.3, 
is therefore quite important in determining the magni­
tude of wp. We may determine a self-consistent solution 
of Eq. (7) using the preceding value of copft and 5€i(&) as 
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given in Fig. 4. We findfio)p= 15.2 eV, in agreement with 
the location of the peak in the energy loss function. 
The fact that cop is greater than ccpa results from the 
negative value of 5ei(6) which is a remnant of the oscil­
lator-like dispersion associated with the interband tran­
sitions near 1.5 eV. 

Since the oscillator strength for the valence band is 
essentially exhausted in this region and transitions from 
the L shell do not set in until about 70 eV, the dielectric 
constant should be well approximated by its general 
asymptotic form27 e(o)) = l-—4:Tme2/mo)2, where m is the 
free-electron mass and n corresponds to 3 valence 
electrons per atom. Thus, the plasma frequency can be 
written alternatively in the form a>p= [47rae2/#fp. 
Direct substitution into the preceding expression yields 
fkx>p=15.8 eV, in good agreement with our earlier re­
sult of 15.2 eV. The neagtive value of 8e±w is therefore 
seen to raise the value of the plasma frequency from its 
lower value copa, as determined by the optical effective 
mass, nearly to the larger value [Jhme^/m^ required 
by the correct asymptotic behavior. 

The extent of the agreement among these independent 
experimental and theoretical determinations of the 
plasma frequency indicates the consistency of our re­
sults, and, in particular of the determination of copa 

and 5ei(6) from the low-energy data. 

F. Sum Rules and Many-Electron Effects 

The sum rules 
- c o 

/ CO €2 (co) da) = ^TT0)p
2 , (8 ) 

J 0 

r 
— / coIme-1(co)^co = |7rcop

2, (9) 
J Q 

are exact for the interacting many-electron system.28 

Here o)p
2 = 4:Trne2/mJ n is the total electron concentra­

tion, and m the free-electron mass. The numerical 
evaluation of the integrals from the experimental data 
therefore includes the effects of electron interactions 
among the valence electrons. As noted above, the core 
states of Al are sufficiently far removed (~70 eV) from 
the 3s and 3p electrons; it is thus possible to neglect 
them in the application of the preceding sum rules to 
the optical properties over the range considered here. 
We therefore expect that the above integrals should 
saturate at values of ^7rcop

2 corresponding to three 
electrons per atom. 

As in the previous work on Ag and Cu, it is useful to 
define the integrals of Eqs. (8) and (9) for a finite range 
in terms of an effective number of electrons, nea con­
tributing to the optical properties over this range. Thus, 

fm / 4 T T ^ \ 
/ o)e2do) = ^Trl Weff(co0), (10) 

Jo \ m / 
and similarly for the sum rule involving Ime" 1 ^ ) . 

27 P. Nozieres and D. Pines, Nuovo Cimento 9, 470 (1958). 
28 P. Nozieres and D. Pines, Phys. Rev. 113, 1254 (1959). 

FIG. 7. The effective number of electrons per atom versus E 
obtained from numerical integration of experimental e2 and 
—Ime-1. The n*u are defined by Eq. (10) and the corresponding 
analog of the sum rule for —Ime"1. 

Figure 7 shows a plot of n^n versus E—fiaio obtained 
from a numerical evaluation of the two integrals using 
the experimental data. The rapid initial rise in nen 
corresponding to Eq. (10) is due to free-electron effects 
which, in the absence of interband transitions, would 
produce saturation at a value of nett such that ^Trneae2/m 
= copa

2. The break in the curve near 1.5 eV arises from 
the strong interband transitions at W and 2 discussed 
in Sec. D. The fact that the curve rises rapidly and 
reaches a value 2.7 near 22 eV, indicates that the/-sum 
rule for all k in the Brillouin zone is essentially ex­
hausted.29 I ts shape is quite consistent with the fact, 
discussed in Sec. C, that the transitions near 1.5 eV 
at W and 2 are the only strong ones involving the 
valence electrons. 

The neii plot corresponding to the other sum rule 
begins to increase only when the energy loss function 
becomes large. I t is also seen to saturate at a value 
near 3, indicating that the entire energy loss is con­
centrated in a very small energy region about the plasma 
resonance. This fact, of course, is closely related to the 
absence of strong interband transitions at higher 
energies, and the concomitant reduction in the value 
Of €2. 

The simplicity of the preceding results is remarkable 
when it is contrasted with the corresponding situation 
in d-band metals9 or semiconductors.30 In the latter 
cases interband transitions involving the valence elec­
trons persist to rather high energies, and empirical 
evaluation of the sum rules do not yield values of neu 
anywhere near saturation. 

Even when the electron-electron interactions are 
taken into account, the wave functions in a solid are 

29 An extension of the studies to higher energy by one of us 
[H. R. Philipp (to be published)] shows that the integral for 
neu continues to rise in the region beyond 20 eV and reaches the 
value 3.0 electrons per atom just below the L-absorption edge at 
70 eV. 

30 H. R. Philipp and H. Ehrenreich, Phys. Rev. 129,1550 (1963). 
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still labeled by band index n and wave number k. Thus, 
it is possible, in the long-wavelength limit, to make a 
general separation into intra- and interband contribu­
tions as indicated in Eq. (1). The sum rule given by 
Eq. (8) may therefore be written as 

J o>e2«
)(a>)da>+ J co8€2(6)(co)&o = |mtf*2. (11) 

Jo Jo 

Silin31 has shown that a relationship of the form of 
Eq. (2) is still valid for a Fermi liquid below the onset 
of interband transitions provided that ccrc> 1. The con­
stants CJ pa and rc, however, now involve the function 
$(p>p')> describing the correlation among the particles, 
as well as the quasiparticle energy. Silin describes their 
effect on ex by replacing the n in copa by an effective 
number of particles, a procedure which we have also 
adopted in Fig. 7. For the present purposes, it is more 
convenient to think of a modified optical mass ma* 
while retaining the number of electrons as three per 
atom. I t should be noted that the "dressing" effect 
which changes mac to ma would vanish according to 
Landau's effective mass theorem32 if the system were 
translationally invariant. In the range cor c>l, the 
dressing is therefore a direct consequence of the periodic 
lattice. 

The preceding discussion shows that the empirical 
separation of e into intra- and interband effects made 
in Sec. B should be generally valid, since all that was 
used to accomplish it was the frequency dependence of 
€i(/) and €2(/) in the range cor c>l. In order to fit €i(a>), 
which is essentially independent of r c in this range, it 
was necessary to assume ma=l.S in contrast to the 
results from band theory (cf. Sec. A), which yielded 
w a c ^1 .15 . The difference is attributed to many-elec­
tron effects, which are seen to increase the effective 

31 V. P. Silin, Zh. Eksperim. i Teor. Fiz. 34, 70 (1958) [transla­
tion: Soviet Phys.—JETP 7, 486 (1958)]. 

32 L. Landau, Zh. Eksperim. i Teor. Fiz. 36, 1058 (1956) [trans­
lation: Soviet Phys.—JETP 3, 920 (1957)]. 

mass. The discussion of plasma effects in Sec. E is then 
also seen to be valid within this more general framework. 

The sum rule given by Eq. (11) shows that many-
electron effects will decrease the contribution of the 
intraband terms, and correspondingly increase that of 
the interband terms. 

With the values of mac and ma at hand, it is possible 
to estimate very roughly how much the calculation of 
the bound parts of the dielectric constants arising from 
the important interband transitions at W and 2 should 
be in error due to the neglect of many-electron effects. 

We define/ c=yj°°^e2 ( b ) (calc.)dco, where be2
{h) (calc.) 

is the function calculated in Sec. D, and correspondingly 
Ie involving the experimental values of Se2(b). Then the 
effect of the electron-electron interactions can be ex­
pressed in terms of the ratio Ie/Ic> Noting that from 
Eq. (2), Jl°°a)e2

(f)da)= (%)wupac2 or (i)T0)pa
2 if we are 

speaking, respectively, of undressed or dressed particles 
characterized, respectively, by mac and may we have 

Ie/Ic= (Up2 — Upa
2)/(00p2 — G)pac2) 

= {m~l—ma~
1)/(in~1—inac~l). (12) 

Since wp and wpac are quite comparable in magnitude, 
the value of Je/Ic depends fairly sensitively on the 
calculated mac For the best value (wa c=1.15), IJIC 

= 2.6, whereas for m a c=1.2, Ie/Ic=2.0. A numerical 
integration of 5e2

(b) (calc.) as determined in Sec. D 
yields Ie/Ic~3, a value which is reasonably consistent 
with the calculated optical mass. Many-electron effects 
are thus seen to affect not only the mass at the Fermi 
surface, but also the strength of interband transitions. 
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